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Abstract

The heat flow across a joint formed by two concentric cylinders depends not only on the geometrical, thermophysical
and surface properties of the cylinders but on the heat flux and maximum operating temperatures. An analysis is
presented in which it is shown that, depending on the heat flow direction, the contact may be reinforced or completely
relaxed during operation. These results are consistent with previous experimental observations of other workers in this
area and recommendations of heat exchanger manufacturers. It is further shown that, because of the interdependence
of the heat flux and the contact pressure, the exact nature of the correlation used for the solid spot thermal conductance
becomes relatively unimportant. © 1998 Elsevier Science Ltd. All rights reserved.

Nomenclature

a inner radius of inner cylinder [m]

b radius of interface [m]

¢ outer radius of outer cylinder [m]

E  modulus of elasticity [MPa]

h  thermal contact conductance [W m 2 K ']

H microhardness of the softer material [MPa]

k harmonic mean of the solid thermal conductivities

Wm™'K™

L length of cylinders [m]

p contact pressure [MPa]

¢ heat flux [W m™?

QO heat flow rate [W]

R thermal contact resistance [m* K' W ]

tan0 mean absolute slope of surface profile,

\/(tan2 0;+tan’0,)

T temperature [K]

u total interference between the cylinders [m]

u, differential expansion due to temperature gradients
[m]

up differential expansion due to contact resistance [m]
uc initial interference [m].

Greek symbols

o coefficient of thermal expansion [K =]

O.¢ effective gap thickness [m]

AT temperature drop at the interface [K]

v Poisson’s ratio

o effective rms surface roughness, \/ (67 +02) [m].

Subscripts

i inner cylinder
o outer cylinder
g gas

s solid.

1. Introduction

In many applications, the heat flow is radial across
concentric compound cylinders. Examples include plug
and ring assemblies, shrink-fit cylinders, finned tube heat
exchangers, duplex and multiplex tubes used in solar
thermal and nuclear power plants. Recent reviews of
literature on heat flow through cylindrical joints have
been presented by Madhusudana [1] and Ayers et al. [2].
These reviews point out the fact that, although cylindrical
joints are just as commonplace as flat joints, the available
literature on heat flow through cylindrical joints is com-
paratively small. A main reason for this appears to be
the additional complexities that are present in such a
situation.

In heat transfer across flat joints, the contact pressure
is usually known (or estimated) and can be directly con-
trolled. Hence, for a given joint, it is used as the inde-
pendent variable and the thermal contact conductance is
then expressed as the dependent variable. In a cylindrical
joint, however, the contact pressure and, therefore, the
contact conductance depend on the interference between
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the cylinders existing at the time of operation, see Wil-
liams and Madhusudana [3]. This interference consists
of the following components:

(1) Thedifferential expansion, u,, due to the temperature
gradients caused by the heat flow; u, can be cal-
culated using equations of thermoelasticity.

(2) Thedifferential expansion, u, caused by the fact that,
because of the contact resistance, the two surfaces at
the interface will be at different temperatures.

(3) The interference, u, at the time of assembly (that is,
the initial degree of fit).

It can be seen that u, depends on the heat flux and
up depends on both the heat flux and the operating
temperatures. The heat flux, or some measure of it, and
the maximum temperatures are, therefore, the primary
variables controlling the contact conductance of a given
pair of cylinders.

In this paper, steps needed to estimate the joint con-
ductance of compound cylinders will be described first.
Results for typical configurations will then be presented
to illustrate the effects of parameters such as heat flux,
the maximum temperature, material combinations, and
the surface characteristics. The significance of these
results will then be discussed in light of previous obser-
vations and recommendations.

It may be noted that a few preliminary analyses of
the thermal behaviour of cylindrical joints have been
previously published. Novikov et al. [4], for example,
considered the contact of coaxial cylinders in vacuum.
Madhusudana [5], Lemczyk and Yovanovich [6] and
Egorov et al. [7] analysed the effect of the heat flux on
conductance of cylindrical joints. Other works are noted
in the reviews [1, 2] listed above. One of the significant
features of the present paper is including the effect of
maximum temperature rise on thermal contact conduc-
tance. This aspect does not seem to have been considered
by any of these previous works. Another objective of
the present paper is to demonstrate the influence of the
numerous design parameters and operating conditions
that influence the contact pressure and contact con-
ductance in a cylindrical joint.

1.1. Statement of the problem

Consider the compound cylinder shown in Fig. 1. The
interface radius is b. Heat flow is taken to be radially
outward. Because of the ever present microscopic and
macroscopic surface irregularities, such as surface rough-
ness and waviness, the contact between the two surfaces
at the joint is necessarily imperfect. As a result, a finite
resistance to heat flow exists at the interface. This thermal
contact resistance, R, may be defined as:

R=AT/q (1)

in which AT is the temperature drop at the interface, and

DIRECTION OF
HEAT FLOW

INTERFACE

INTERFACE

Ta |----

TEMPERATURE

I AT

AT

" AT,

RADIAL DISTANCE

Fig. 1. Radial heat flow in a cylindrical joint.

q is the heat flux at the interface. The thermal contact
conductance, A, is the reciprocal of R.

The heat flow through the joint occurs mainly through
the solid spots in actual contact and through the medium,
such as air, filling the interstices between the adjacent
contact spots. The contact conductance, therefore, con-
sists mainly of two components: the solid spot con-
ductance and the gas gap conductance. At high tem-
peratures, the contribution by radiation may become
significant and the contact conductance need to be modi-
fied accordingly. The present analysis uses a widely
accepted theoretical expression for the estimation of the
solid spot conductance. However, the effect of using an
empirical correlation based on experimental data is also
explored.

2. Analysis

Referring to Fig. 1, the pressure developed between
the two cylinders, as a result of the interference u between
them, is given by [8]:
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u_p(E c*+b? b>+a?

A R o
or

u_p

AL (2a)
in which

Uu=us+ugt+uc
and C, is the term inside the braces { } in equation (2).
For a given pair of cylinders, the initial interference,
uc, is known. The differential expansions, u; and u,, need
to be determined from the conditions of heat flow.
The steady state heat flow is:
2nLk,AT;, 2nLk, AT,
" In(/a) ~  In(c/b)
in which L is the length of the composite cylinder.
From equation (3)

k\ [In(c/b)
.= (5[ |, @

2.1. Interference due to the flow of heat

(©)

The heat flow results in the deformations of the cylin-
ders. At the interface, the radial displacements of the
inner and outer cylinders are, respectively, [9]:

_ boAT, | 2a*
" 21In(b/a)

) In(b/a) (5a)

U 4
b>—a

bo, AT, 2¢? _
o = 31l [1— e | (5b)

Substituting for AT, from equation (4),
_ bay 22 o 1%\ [Inde/b)
o = 31 [1 e | <k> Ln(b o |AT

boiAT; (aok; 2¢?
) <aiko> [1 - ﬁln(c/b)} (5¢)

Since the net interference due to heat flow is

Uy = Uygi —Uyo

we can write

(uq/b) = AT(C) (6)
where

o 2a®
€2 = b {[1— pei ln(b/a):|

aoki 2(,'2 . .
_ <aiko> [1 - ln(L/b)}}. (6a)

2.2. Interference due to contact resistance

Because of the finite resistance to the heat flow at the
joint, the two sides of the interface will be at different
temperatures. The consequent differential expansion is:

Up = Up —Up,
= bo; T, —bo, (T, —AT)
= b[T] (OC,*O(O)-FO(OAT)]

where T is the temperature rise of the outer surface of
the inner cylinder.
Thus,

ug = b[(T, —AT) (o — o) + 2, AT)] @)
Note:

(1) T, refers to the temperature of the inner surface of
the inner cylinder, that is, to the maximum tem-
perature of the assembly. This is measured with
respect to the temperature, 7., at which the dimen-
sions of the cylinders were established (e.g., the
room temperature) as the datum. In other words,
T, = Thax— T, 1s the maximum temperature rise over
the initial temperature.

(2) If both the cylinders are made of the same material
(or, at least, have the same coefficient of thermal
expansion) the first term inside the brackets of equa-
tion (7) reduces to zero. Thus, in this case, the
maximum temperature has no significance.

In equation (7),
AT = q/h
and
¢ = heat flux at the interface
2k, LAT;, 1
In(bja) 2mbL

where 2nbL is the heat flow area, A, at the interface.
Thus,

=0/4 =

kAT,
q= o (73.)
bln(b/a)
and
h = h+h,

in which £ and &, are the solid spot and the gas gap
conductances, respectively.

The solid spot conductance for ideal, flat, rough sur-
faces is given by [10]:

hy = 1.13tan 6(k/o)(p/H)***. (7b)

For practical surfaces, which contain some degree of
flatness deviation and/or waviness, empirical correlations
exist for the estimation of the solid spot conductance.
One such correlation is [11]:

hy = 0.55tan O(k/o)(p/H)"*. (7c)
Thus, in general, we can write:

hy = Cstan O0(k/o)(p/H)". (7d)
The gas gap conductance, /,, can be calculated as:

hy = kg/Oesr. (7e)

The effective thickness of the gas gap, 0.4, must take into
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account both the dimensions of the physical gap as well
as the ‘temperature jump distance’ [12]. Previous works
indicate that the effective thickness is approximately
equal to 30, see for example [13, 14]. However, no
numerical values need to be assumed during the deri-
vation.

Equation (7) can, therefore, be written as:

ug/b = Cy(T,—AT))

tu kAT, [ 1 }
“bIn(b/a) | ¢, tan 0(k/o) (p/H)" + (kyfdur)

1
uglb = Co(T,—AT) +C;s [7:|AT1 (®)
Cep"+C,

where
C, = (O‘i_ao)
o=k

> bIn(b/a)
Cy = Cstan0(k/o)(1/H)"
C7 = kg/éeff'

Substituting for u, and u in equation (2), we notice that,
for a given pair of cylinders:

(1) The differential expansion depends on both the heat
flux (as given by AT;), and the maximum temperature
rise;

Table 1
Material properties used in the presentation of theoretical results

Material Stainless steel Material
Thermal conductivity (Wm~'K~") 16.5 200
Coefficient of expansion, o 18 24
(107°K~H

Modulus of elasticity, £ (GPa) 200 70
Poisson’s ratio 0.28 0.33
Microhardness (MPa) 2750 1400
Table 2

Parameters used in generating Figs 2-8

(2) The contact pressure p appears on both sides of the
equation. Hence an iterative method would be
required to solve for the pressure and, hence, the
thermal contact conductance.

3. Discussion

In a flat joint, the relationship between the con-
ductances and the factors affecting them is direct and it
is easy to visualise the effect of each variable on the
contact conductance, see equations (7). In a cylindrical
joint, as is evident from the above analysis, the contact
pressure itself is controlled by the material and geometric
parameters as well as the heat flux and the maximum
temperature. Because of this implicit relationship
between the conductance and the system parameters, it
is convenient to plot the results graphically for typical
ranges of variables in order to understand their influence.
In generating the following set of graphs, the radii a, b
and ¢ are taken to be 9, 10 and 11 mm, respectively and
the material properties are summarised in Table 1. In all
cases, heat flow direction is taken to be radially outward.
The interface medium is taken to be air.

The results are summarised in Figs 2-9. The relevant
parameters used in generating the graphs of Figs 2-8 are
listed in Table 2.

3.1. Stainless steel — aluminium joint

Figure 2(a) illustrates the variation of contact pressure
with the maximum temperature rise, for the above joint
assembled with a nominal zero interference. Because of
the differential expansion of the two cylinders, and since
o 1s less than o, it is seen that the contact pressure
gradually decreases as the maximum temperature
decreases. The exact temperature at which the contact
pressure becomes zero, for a given pair of cylinders,
depends on the heat flux as measured by AT, the tem-
perature drop across the wall of the inner cylinder; the

Figure Material Interference Surface Surface slope Heat flux (AT))
number combination (u./b) roughness (um) ©) (K)
ss — al 0 3 10 Various
3 al - ss 0 3 10 Various
4 $S — SS 0 and 0.0005 3 10 Variable
al —» al 0 and 0.0005 3 10 Variable
5 Various 0 1 5 Variable
6 ss — al 0.0005 Variable 10 5
7 ss — al 0.0005 3 Variable 5
8 ss — al 0 1 10 10
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Fig. 2. Stainless steel-aluminium joint [¢ = 3 um; 6 = 10°; (u./b) = 0]: (a) variation of contact pressure with maximum temperature
rise; (b) variation of contact conductance with maximum temperature rise.
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Fig. 3. Aluminium-stainless steel joint [c = 3 um; 6 = 10°; (u./b) = 0]: (a) variation of contact pressure with maximum temperature
rise; (b) variation of contact conductance with maximum temperature rise.

greater the heat flux, the greater is the temperature at
which the pressure is completely relaxed. The contact
conductance is also correspondingly decreased and, when
the contact pressure is zero, it attains the value of the air
gap conductance for zero clearance. This is indicated by

the dashed line in Fig. 2(b). Further increase in tem-
perature will increase the gap and further decrease the
gap conductance.

These results are in agreement with the observations
of Gardner and Carnavos [15] who noted that, for alu-
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Fig. 4. Similar materials; variation of contact pressure with heat flux [¢ = 3 um; 6 = 10°]: (a) stainless steel-stainless steel; (b)
aluminium-aluminium.
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Fig. 5. Effect of the material combination [¢ = 1 um; 6 = 5°; (u,/b = 0]: (a) contact pressure variation with heat flux; (b) contact

conductance variation with heat flux.
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Fig. 6. Effect of varying the surface roughness [AT; = 5 K; 0 = 10°; (u./b) = 0.0005]: (a) contact pressure variation with maximum
temperature rise; (b) contact conductance variation with maximum temperature rise.

minium finned steel tubes, at high temperatures (typically also noted that, if the thermal coefficient of expansion of
125 to 140 C) the contact pressure between the fin and the fin material is larger than that of the base, then the
the tube will be relaxed to such an extent that the gap contact between the two materials will loosen as the tem-
resistance becomes significant. In his discussion of shoul- perature increases and the bond resistance will increase.

der (‘L-foot’), and extruded finned tubes, Taborek [16] He also noted that this was, unfortunately, true for the
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Fig. 7. Effect of varying the surface slope [AT; =5 K; ¢ =3 um; (u./b) = 0.0005]: (a) contact pressure variation with maximum
temperature rise; (b) contact conductance variation with maximum temperature rise.

usual combination of aluminium fin and virtually any 3.2. Aluminium — stainless steel

other tube material, especially for the common case of

carbon steel. This is one of the reasons for specifying By contrast, the contact pressure is reinforced with
the current maximum operating temperatures for finned increase in temperature when the inner tube material has a

tubing (Data from [16]) as indicated in Table 3. higher coefficient of expansion, as seen in Fig. 3(a). The
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Fig. 8. Results of varying the correlation for the solid spot conductance [¢ = 1 um; 6 = 10°; (u./b) = 0; AT, = 10 K]: (a) contact
pressure variation with maximum temperature rise; (b) contact conductance variation with maximum temperature rise.

contact conductance also increases correspondingly, see
Fig. 3(b). The amount of such increases is again very much
influenced by the heat flux, which is the other parameter in
Figs 3(a) and (b). These observations, it should be remem-
bered, apply to radially outward heat flow. Condenser
tubes, failed due to erosion or corrosion, may be returned
to service by means of lining, that is, insertion of very thin

metallic tubing which is expanded in situ by the application
of hydraulic pressure [17]. In such a lined condenser tubing,
the heat flow is radially inward. In such a case, the use of a
liner made of 90-10 copper—nickel alloy (o = 17 x 1076) or
70-30 copper—nickel alloy (¢ = 16 x 10~°) inside an alu-
minium brass tubing (¢ = 19x107°) will result in the
reinforcement of contact during operation [18].
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Fig. 9. Comparison of present theory with previous experimental results.

Table 3
Recommended maximum operating temperatures for finned
tubing

U.S. European
Type of finned tubing practice practice
L-footed tubes 176 C 150 C
Extruded tubes 230 C 250 C

3.2.1. Similar materials

As indicated, in the analysis, the maximum tem-
perature does not contribute to the differential expansion
in the case of materials with the same coefficient of expan-
sion. The results for stainless steel — stainless steel and
aluminium — aluminium, in Figs 4(a) and (b), respect-
ively, are therefore plotted with the heat flux as the inde-
pendent variable. It can be seen that:

o the contact pressure increases as the heat flux increases.
e a slight interference will cause a noticeable increase in
the contact pressure.

It may be readily seen that the contact conductance would
exhibit similar trends.

3.3. Material combination

The contact pressure and the contact conductance
developed for the four different material combination are
depicted in Figs 5(a) and (b). The independent variable
is again taken as the heat flux. For the dissimilar material
combinations, the maximum temperature rise is taken to
be 10 K (the temperature rise is irrelevant for similar
materials). In all cases, the initial interference is taken to
be zero.

It is apparent that the material combination enor-
mously influences the contact pressure and contact con-
ductance. As expected, the largest contact pressures are
developed for the aluminium — stainless steel com-
bination and the smallest pressures for stainless steel —
aluminium combination. The pressures developed for
aluminium — aluminium joint are the second lowest;
however, this joint still develops the maximum con-
ductance because of the high effective conductivity of the
joint forming materials. It is particularly interesting to
observe the results for stainless steel —» aluminium and
aluminium — stainless steel combinations. Although
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these have the same effective conductivity, yet the con-
ductance of the latter is almost twice that of the former!
This indicates the importance of the direction of heat
flow, whether it is from a material of lower o to one of
higher o or vice versa. In other words, some kind of
‘rectification’ can be seen to exist for heat flow in cyl-
indrical joints formed by different materials.

In Fig. 5(a), the contact pressure for similar materials
becomes zero at zero heat flux. For dissimilar materials,
the contact pressure also depends on the temperature
rise. For the temperature rise (10 K) applicable to this
figure, the contact pressure for the stainless steel — alu-
minium joint becomes zero for AT, = 1.12 K; for the
aluminium — stainless steel joint, there still exists a small
contact pressure of 0.345 MPa when the heat flux is zero.
As indicated in Fig. 5(b), the conductance values for all
combinations become equal to the gas gap conductance
when the contact pressure becomes zero.

3.4. Surface characteristics

The effect of varying the surface roughness, for a given
joint, on the contact pressure and the contact con-
ductance are shown in figs 6(a) and (b). It is seen that, at
any temperature, an increase in roughness will result in
an increase in contact pressure, but a decrease in con-
ductance. Conversely, an increase in surface slope will
cause lower contact pressures and higher contact con-
ductances, as indicated in Figs 7(a) and (b). These latter
figures indicate that the surface slope is an important
parameter that needs to be identified in contact con-
ductance investigations. Most early works do not contain
information on the slope. It may, however, be noted that,
in general, the surface roughness and surface slope are
not completely independent of each other.

3.5. Effect of correlation used

Figures 8(a) and (b), respectively compare the contact
pressure and the contact conductance developed for the
stainless steel - aluminium joint using the two
expressions, given in equations 7(b) and (c), for the solid
spot conductance. It can be seen that the empirical cor-
relation gives a slightly higher contact pressure and a
slightly lower contact conductance compared to the
results obtained using the theoretical correlation. In fact,
the difference is negligibly small for most practical
purposes. The reason, of course, is that the contact con-
ductance and contact pressure are strongly inter-
dependent in the case of cylindrical joints. For flat joints,
the two results would be noticeably different.

3.6. Comparison with previous experimental work

There are very few experimental works which deal with
systematic, general study of heat flow in cylindrical joints.

One such study is that of Hsu and Tam [19]. Figure 9
compares their results with those obtained using the
present analysis. Table 4 summarises the data applicable
to these tests.

No information was given regarding the mean slope of
the surface profile. However, it was stated that the outside
surface of the aluminium cylinder was turned to the
desired roughness. In the eight measurements reported by
Chetwynd [20], the slope for fine turned surfaces varied
between 0.054-0.141. In the present calculations, an aver-
age value 0.105 (corresponding to 6 = 6°) has, therefore,
been assumed for the effective slope. It may also be noted
that, in these tests, a change in heat flux also resulted in
a change in the maximum temperature rise as indicated
below:

AT, (K) 1 4 5 6.5 8.5
T,(K) 3 14 175 215 285

It may be seen that the test results show good agree-
ment with the theory. The error bands on the exper-
imental data indicate the uncertainties (+15%) as pre-
sented by Hsu and Tam. The slopes of the experimental
and theoretical graphs, however, are seen to differ. A
possible explanation is the almost certain existence of
out-of-roundness and waviness in the actual test surfaces.
These errors of form introduce a macroscopic con-
striction resistance in addition to the microscopic con-
striction resistance due to the surface roughness [21].
As the temperature and heat flux are increased, both
microscopic and macroscopic resistances decrease sim-
ultaneously. It, therefore, follows that the slope of the
experimental conductance vs. heat flux graph is higher
than that of the theoretical one. The contact conductance

Table 4
Material, surface and geometric data applicable to the tests of
Hsu and Tam [19]

Inner Outer
cylinder cylinder
Material Alclad Stainless steel,
2011-T351 AISI 304
Modulus of elasticity 71 200
(GPa)
Thermal conductivity 155 16.5
Wm 'K
Coeflicient of expansion 22.8 (1079 17.3 (1079
(K
Microhardness (MPa) 933 2420
Poisson’s ratio 0.28 0.33
Surface roughness (um) 3438 1.27-1.65
Inner radius (mm) 11 29.58

Outer radius (mm) 29.584-0.0254 36.26
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results of Hsu and Tam have been presented against
contact pressure in a previous work [6]. It is to be empha-
sised, however, that the contact pressure is not an inde-
pendent variable. In fact, it is estimated from the theory
which would be used to predict the contact conductance.
The independently controlled (and directly measured)
heat flux is, therefore, the proper parameter against which
the contact conductance needs to be plotted and com-
pared with theoretical predictions.

It would be, indeed, desirable to test the theory against
further experimental data if they were available. The
experimental results reported by earlier workers,
however, do not contain significant data such as
maximum temperature and slope and, in some cases, even
surface roughness. Theoretical estimates in such instances
would, therefore, be impossible unless a large number of
assumptions are made.

4. Conclusions

An analysis has been presented for the prediction of
the thermal conductance of cylindrical joints for radial
heat flow. This theory takes into account the differential
expansion of the concentric cylinders due to the tem-
perature gradients caused by heat flow, the maximum
operating temperature and the finite temperature drop
due to the contact resistance at the interface. It is shown
that material combinations, geometric dimensions of the
cylinders, surface characteristics and the properties of the
interstitial medium also affect the joint thermal con-
ductance.

It is found that, in general, the contact conductance of
a given joint is influenced by both the heat flux and the
maximum operating temperature. For similar materials
at moderate temperatures, however, the contact con-
ductance is independent of the maximum temperature.

Depending on the material combination, the contact
may either be reinforced or become completely relaxed
during operation. The latter condition forms one of the
bases for specifying the maximum operating temperature
of finned tubing used in heat exchangers.

For the same material combination, that is, for the
same effective thermal conductivity of the joint materials,
the conductance obtained could be vastly different
depending on the direction of the heat flow in a cylindrical
joint.

The conductance of a cylindrical joint is largely insen-
sitive to the type of correlation used for the solid spot
conductance.

The theoretically estimated results show reasonable
agreement with the experimental data of other inves-
tigators.

It is recommended that reports of future experiments
on cylindrical joints include detailed description of sur-

face parameters as well as the maximum temperature rise
encountered in the tests.
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